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In the wake of the COVID-19 pandemic many countries implemented containment measures to
reduce disease transmission. Studies using digital data sources show that the mobility of individuals
was effectively reduced in multiple countries. However, it remains unclear whether these reductions
caused deeper structural changes in mobility networks, and how such changes may affect dynamic
processes on the network. Here we use movement data of mobile phone users to show that mobility
in Germany has not only been reduced considerably: Lockdown measures caused substantial and
lasting structural changes in the mobility network. We find that long-distance travel was reduced
disproportionately strongly. The trimming of long-range network connectivity leads to a more
local, clustered network and a moderation of the “small-world” effect. We demonstrate that these
structural changes have a considerable effect on epidemic spreading processes by “flattening” the
epidemic curve and delaying the spread to geographically distant regions.
I. INTRODUCTION
During the first phase of the coronavirus disease 2019
(COVID-19) pandemic, countries around the world im-
plemented a host of containment policies aimed at mit-
igating the spread of the disease [1–4]. Many policies
restricted human mobility, intending to reduce close-
proximity contacts, the major driver of the disease’s
spread [5]. In Germany, these policies included border
closures and travel bans, restrictions of public activity
(school and business closures), paired with appeals by
the government to avoid trips voluntarily whenever pos-
sible [6]. We will refer to these policies as “lockdown”
measures for brevity.
Based on various digital data sources such as mo-
bile phone data or social media data, several studies
show that mobility significantly changed during lock-
downs [7, 8]. Most studies focused on general mobility
trends and confirmed an overall reduction in mobility in
various countries[9–13]. Other research focused on the
relation between mobility and disease transmission: For
instance, it has been argued that mobility reduction is
likely instrumental in reducing the effective reproduction
number in many countries [14–18], in agreement with the-
oretical models and simulations, which have shown that
containment can effectively slow down disease transmis-
sion [19–21].
However, it remains an open question whether the mo-
bility restrictions promoted deeper structural changes in
mobility networks, and how these changes impact epi-
demic spreading mediated by these networks. Recently,
Galeazzi et al. [22] found increased geographical frag-
mentation of the mobility network. A thorough under-
standing of how structural mobility network changes im-
pact epidemic spreading is needed in order to correctly
assess the consequences of mobility restrictions not only
for the current COVID-19 pandemic, but also for for sim-
ilar scenarios in the future.
Here, we analyze structural changes in mobility pat-
terns in Germany during the COVID-19 pandemic. We
analyze movements recorded from mobile phones of
43.6 million individuals in Germany. Beyond a gen-
eral reduction in mobility, we find considerable structural
changes in the mobility network. Due to the reduction of
long-distance travel, the network becomes more local and
lattice-like. Most importantly, we find a changed scaling
relation between path lengths and geographic distance:
During lockdown, geographic distance becomes more im-
portant to determine the effective distance or arrival time
in spreading processes, which shows a marked reduction
of the “small-world” characteristic [23, 24]. Using simu-
lations of a commuter-based SIR model, we demonstrate
that these changes have considerable practical implica-
tions as they suppress (or “flatten”) the curve of an epi-
demic remarkably and delay the disease’s arrival between
distant regions.
II. MOBILITY TRENDS IN GERMANY
A. General mobility changes
We base our analysis on mobility flows collected from
mobile phone data. The data counts the number of trips,
where a trip is defined as a single mobile phone switching
cell towers at least once, between two resting phases of
at least 15 minutes (see Fig. 1D). A resting phase is de-
fined as a mobile phone not switching its connected cell
tower. These trips are aggregated over the course of a day
to build the daily flow matrix F(t). The element Fji(t)
quantifies the total number of trips from location i to
location j on a given day t. Locations are the m = 401
counties of Germany. Note that flows within counties
Fii(t) are included. During times with normal mobil-
ity, (e.g. during March 2019, which we use as a baseline,
see below) the total flow is 176 million trips per day on
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FIG. 1. Mobility changes in Germany during the COVID-19 pandemic. (A) The change in total movements ∆n(t) in 2020,
relative to March 2019. Mobility decreases drastically in mid-March, coincident with restricting measure implementations (red
bars), followed by a gradual increase in mobility concurrent with the lifting of restricting policies (teal bars). Bar width indicates
the number of policies issued or lifted on that date, respectively. (B) The change in mobility is spatially heterogeneous. Mobility
is reduced more in large cities (shown here for the 20 largest cities) and states that implemented more severe restrictions (such
as Bavaria). (C) Mobility change in German counties for the three weeks with most substantial global change. The mobility
change ∆n(i)(t) represents the number of trips that originate in county i (see Materials and Methods). (D) Illustration of
how mobility is recorded. A trip is counted when a user switches to one or multiple new cell towers, until the user becomes
stationary again (no further switch for approx. 15 minutes). Trips can be within the same county (teal, solid line) or between
different counties (red, dot-dashed line). Movements without changing cell towers are not recorded (grey, dotted line).
average, recorded among 43.6 million users [25], corre-
sponding to an average of 3.8 trips per user per day. The
baseline average daily flow between all pairs of locations
is 〈Fji(t)〉 = 1103 (averaged over all days in March 2019)
with a standard deviation of Std[Fji(t)] = 26.413. Flows
below a threshold of Fji(t) < 5 were omitted from the
data due to anonymization requirements.
To analyze general changes in mobility during the
COVID-19 pandemic, we focus on the daily mobility
change ∆n(t), which is the relative difference in the to-
tal number of trips N(t) =
∑m
i,j=1 Fji(t) compared to the
baseline number of trips, i.e. during a period of “normal”
mobility. Here, we use March 2019 as this baseline pe-
riod, and compare the mobility on each date t from 2020
to the average mobility on the corresponding weekday in
March 2019 (see Materials and Methods).
We find that mobility in Germany was substantially re-
duced during the COVID-19 pandemic, see Fig. 1. The
largest reduction occurred in mid-March, when the vast
majority of mobility-reducing interventions took effect
(information on government policies is taken from the
ACAPS dataset, see SI). Over the course of three weeks,
mobility dropped to −40% below baseline on March 27th
in the 7 day moving average. The total number of daily
recorded trips decreased from 176 million to 107 million
trips (from 3.8 to 2.3 daily trips per user). The de-
cline was followed by an immediate rebound at the be-
ginning of April, even though mobility-restricting regula-
tions remained in effect during this period. In the follow-
ing months, mobility increased slowly, reaching its pre-
lockdown levels in early June. Interestingly, the increase
in mobility took place in small bursts followed by short
periods of stagnation. These bursts started at around the
same time that mobility-restricting policies were lifted,
3hinting at a causal relationship.
Mobility did not decrease homogeneously in Germany:
Some areas witnessed a more substantial reduction than
others. We observed a greater mobility reduction in
Western and Southern states (such as Bavaria), which
were more substantially affected by the pandemic, com-
pared to the Eastern states of Germany (for example in
Saxony-Anhalt) [26]. This difference can partially be
explained by more severe mobility restrictions in some
Western states. For instance, Bavaria passed stricter
measures on May 20th, resulting in a higher reduction
in mobility in calendar week 13. Still, most policies were
uniform across Germany and were implemented in a sim-
ilar manner on a federal level. Therefore, differences in
policies can only deliver a partial explanation for regional
heterogeneities. Furthermore, we found systematic de-
pendencies on demographic factors. Mobility is reduced
more in large cities compared to less densely populated
areas. In addition, several border regions particularly
associated with cross-border traffic exhibit a higher than
average mobility reduction , although the border as a
whole does not deviate markedly from the average.
B. Distance-dependence of mobility reduction
The observed general reduction in mobility begs the
question of how mobility has changed, and what types of
trips were reduced. We observe a distinct dependence of
mobility change on trip length, see Fig. 2. We calculated
the mobility change ∆nD(t) for all trips in a certain dis-
tance range D. Because data is aggregated on a county
level, we use the distance between the county centroids as
an estimate of trip distance (see Materials and Methods).
Over the full range of observed distances, we find
that long-distance trips decreased more strongly than
short-distance trips. This resonates with the expecta-
tion that many social-distancing policies targeted long-
distance travel specifically: Travel bans across country
and state borders, cancellations of major events, and bor-
der closures by other countries affecting holiday travel.
Furthermore, we find that the split between short- and
long-distance mobility reduction is a useful indicator for
an unusual state of the mobility network. While the total
number of trips has almost returned to its pre-pandemic
state (see Fig. 1A), which could at first glance give the
impression that normal mobility patterns have been re-
stored, the continued discrepancy between short- and
long-distance mobility reduction indicates a lasting struc-
tural change in mobility patterns (see Fig. 2). The dis-
crepancy, while declining slightly, remained stable over
the course of the pandemic, evidence for the prevalent
impact of mobility changes.
A
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FIG. 2. Mobility reduction as a function of distance.
(A) Relative mobility changes ∆nD(t) for different distance
ranges D (7 day moving averages). Long-distance trips re-
duction is higher. The notable increase in long-distance
trips in February coincides with school holidays in several
German states. Fluctuations in April and May are often
centered around public holidays. (B) The difference be-
tween short-distance mobility change ∆nd≤10 km(t) and long-
distance change ∆nd>10 km(t) is a useful indicator for unusual
mobility.
III. STRUCTURAL CHANGES IN THE
MOBILITY NETWORK
A. Pre-lockdown and lockdown mobility networks
To identify key structural changes over time, we an-
alyze the mobility networks GT for each calendar week
T , where the edge weights wji correspond to the average
daily flow along the edge during this week (see Materi-
als and Methods). To highlight the changes occurring
during lockdown, we compare two specific time periods:
The pre-lockdown network G10 is constructed from the
trips in calendar week 10 (March 2-8), before policy in-
terventions were passed. The lockdown network G13, is
constructed from all trips in calendar week 13 (March
23-29, the week with the highest reduction in mobility).
The lockdown network G13 is considerably less dense
than the pre-lockdown network G10, see Fig. 3. Many
pairs of counties with traffic under normal conditions lack
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FIG. 3. Comparison of the pre-lockdown mobility network G10 and the lockdown network G13 corresponding to calendar
weeks 10 and 13, respectively. (A) Depiction of the networks. Line widths indicate the average number of daily trips along
each connection. During lockdown, there are less trips in total, less unique edges, and fewer long-distance connections. (B)
Distribution of node degrees k. The average node degree 〈k〉 and network density ρ are lower during lockdown (〈k〉 = 148, ρ =
32.6%) than in the pre-lockdown network (〈k〉 = 219, ρ = 49.8%). These differences are only partially explained by a uniform,
global reduction of trips (which causes trips to fall below the anonymization threshold wc = 5), as demonstrated by comparison
to the rescaled pre-lockdown network G∗10(T = 13) which is structurally similar to network G10 but has the same number of
total trips as G13 (see Materials and Methods). (C) The probability P (dji ≥ d) that a randomly chosen edge wji is of a distance
dji ≥ d. The lockdown network contains considerably fewer long-distance trips than the pre-lockdown network, an effect that
cannot be explained by a uniform, global reduction of flows (rescaled pre-lockdown network).
traffic during the lockdown week or, the average daily
flow fell below the anonymization threshold wc = 5. In
particular, the lockdown network has fewer long-distance
flows than the pre-lockdown network (Fig. 3C), in line
with our previous finding that mobility over long dis-
tances was reduced most substantially (compare Fig. 2).
The loss of density during lockdown cannot be ex-
plained by a global, uniform reduction of mobility alone,
which causes trips to fall below the observation threshold
wc = 5. To illustrate this point, we compare the lock-
down network G13 to a network G
∗
10(T = 13) where edge
weights of the pre-lockdown network G10 were rescaled
such that it is structurally similar to the pre-lockdown
network G10 but has the same total number of trips as
the lockdown network G13 (see Materials and Methods).
This rescaling can rule out effects that originate in a ho-
mogeneous, global mobility reduction. We find that the
rescaled pre-lockdown network is denser than the lock-
down network. Specifically, we find a greater probabil-
ity of observing long-distance travel (see (Fig. 3, pan-
els B and C). We conclude that long-distance travel has
been reduced more substantially during lockdown than
can be explained by a mere global reduction of mobility
and thresholding effects.
B. Lockdown effects on path lengths in the
networks
The structural mobility changes during lockdown im-
pact properties typically associated with the so-called
“small-world” characteristic of the network [23], namely
the shortest path lengths Lji between counties and the
clustering coefficient of nodes Ci (see definitions in Ma-
terials and Methods). The shortest path length can be
related to time scales for search or spreading processes,
i.e. the time it takes to reach one location starting at
another. The clustering coefficient quantifies the magni-
tude of the average flow between triplets of neighboring
locations—a large value indicates that two neighbors of a
location are likely to have large flows between them, too.
Numerous systems are associated with high clustering
while having small shortest paths (typically mean short-
est paths scale logarithmically with systems size), which
is referred to as the “small-world” property. This prop-
erty typically facilitates the spread of epidemics [27, 28].
In contrast, lattices typically have shortest paths scaling
polynomially with system size and high clustering and
thus comparatively slower spreading speeds[29].
We observe substantial changes in the structural prop-
erties of the mobility networks during lockdown: Both
the average shortest path length L(T ) and average clus-
5A
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FIG. 4. Lockdown effects on structural network metrics. (A)
The average shortest path length L(T ) and the average clus-
tering coefficient C(T ) for weekly mobility networks GT over
time, relative to their values in week T0 = 10 (March 2-9) cor-
responding to the pre-lockdown network G10 (blue bar). Both
metrics increase substantially in the following weeks and peak
for the lockdown network G13 (red bar), indicating a more
clustered and sparser network. (B) The expected shortest
path length Ld(T ) at distance d, i.e. Ld(T ) = 〈Lji(T )|dji ∈
[d− , d+ ]〉. In the pre-lockdown network G10, the short-
est path length Ld is independent of geographical distances
d at large distances, a known phenomenon of spatial small-
world networks. In contrast, we observe a continued, roughly
linear, scaling relation for Ld in that distance range for the
lockdown network G13, a known property of lattices. The
rescaled, pre-lockdown network G∗10(T = 13) does not repli-
cate the changed scaling behavior, demonstrating that the
effect is not solely explained by a global, uniform reduction
of mobility and thresholding effects.
tering coefficient C(T ) increase substantially (see Fig. 4).
Moreover, we observe a striking difference in expected
path length as a function of geographic distance, see
Fig. 4B. In the pre-lockdown network, the expected
shortest path length Ld initially increases with geograph-
ical distance d, but eventually saturates to an almost
constant niveau for d & 550 km, i.e. is independent of
geographic distance. This is a well known phenomenon
of spatial small-world networks, where it has been shown
that shortest path lengths typically scale as L ∝ r with
Euclidian distance r up to a critical distance rc, followed
by an independence regime, L ≈ const. for r > rc [30].
A similar relation has been found in empirical human
mobility networks such as air traffic networks [24]. In
such networks, geographic distance is an unreliable pre-
dictor for the effective arrival time because larger geo-
graphical distances can quickly be overcome by traveling
along links connecting distant places. However, in the
lockdown network, we observe a continued, almost linear
dependence of the shortest path length on geographical
distance, which is a typical property of lattices [29]. Be-
cause long-distance links are missing or weak, and travel
has to occur along short-distance connections, geograph-
ical distance dominates effective travel distance or travel
duration.
We therefore conclude that the lockdown network is
more lattice-like, with predominantly local connections
and fewer connections between remote locations, reflect-
ing a reduction of the system’s “small-world” property.
As indicated above, this has important implications for
dynamical processes such as epidemic spreading, which
we will discuss in the next section.
The unexpected scaling relation between path lengths
and geographic distance during lockdown cannot merely
be explained by the fact that the total flow is reduced in
the lockdown network, neither is it due to thresholding
effects. To demonstrate this, we use the rescaled pre-
lockdown network G∗10(T = 13) as a comparison. As we
see in Fig. 4B, the reduced flow accounts for the changes
at small distances, but it does not explain the different
dependence of the shortest path length on geographi-
cal distance at high distances. This confirms that the
observed effect is due to structural differences between
the pre-lockdown and lockdown networks. In the SI, we
present further evidence to support this conclusion by
evaluating how several spreading time scales change over
time in both the measured mobility networks as well as
rescaled networks.
IV. EFFECT OF LOCKDOWN ON SPREADING
PROCESSES
A. SIR model with containment
Finally, we address the question to what extent the
lockdown-induced changes in mobility impact epidemic
spreading processes mediated by the mobility network.
We simulate an SIR epidemic metapopulation model
[32, 33]. In SIR models, individuals are assumed to be
in either of three distinct states: susceptible (S), infected
(I), or removed (R) from the transmission process. Con-
tacts between susceptibles and infecteds may lead to the
infection of the susceptible individual and infected indi-
viduals can spontaneously be removed from the transmis-
sion process by medical/non-medical interventions, death
or immunization. In metapopulation models, infecteds
based in one location can cause infections in other loca-
tions with a rate proportional to the daily flow between
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FIG. 5. Simulations of an SIR-epidemic on pre-lockdown and lockdown mobility networks. (A) We incorporate changes in total
mobility in two scenarios in the model: In the “distancing” scenario, reduced mobility removes contacts between individuals,
uniformly distributed over all individuals. In the “isolation” scenario, reduced mobility implies that an equivalent fraction of
individuals isolate at home and are effectively removed from the system (see main text and SI for details). (B) In both model
scenarios, the epidemic curve (infecteds over time) is flattened and its peak shifted to later times during lockdown. Results
are shown for R0 = 3 and recovery rate µ = 1/(8d), with a single random outbreak origin of I0 = 100, averaged over 1000
simulations for each scenario. (C) The epidemic threshold is shifted to higher values of R0 during lockdown in both lockdown
scenarios. Arrows indicate the theoretical epidemic thresholds at R∗0 = 1 (pre-lockdown) and R∗0 = 1.67 (lockdown). The
threshold is higher in the metapopulation model compared to the well-mixed description, an expected effect caused by the
heterogeneity of the system [31]. (D) The average arrival times t∗ in counties as a function of geographic distance di∗ from the
outbreak origin i∗. The arrival time t∗ is defined as the first time when infecteds pass the threshold of 0.1% in a county. In
the lockdown network, arrival times increase due to lower mobility. More importantly, however, we observe a similar scaling
relationship as shown for the shortest path lengths: During lockdown, the arrival time shows a continued increase as a function
of geographic distance from the outbreak origin, even in the long-distance regime.
locations. Implicitly it is assumed that individuals travel
back an forth and transport the infection between areas.
Note that in the following, we use epidemiological pa-
rameters similar to those of COVID-19 (see Materials
and Methods). However, we do not aim to replicate the
actual spread of COVID-19 in Germany, but rather in-
tend to demonstrate qualitative effects of the lockdown
on epidemic spreading in general.
We implement a well-known commuter-dynamics SIR
metapopulation model [34] with minor modifications.
Specifically, the original model does not account for
changes in the total amount of mobility (i.e. total num-
ber of trips). The modified model accounts for the dras-
tic reduction in total mobility, a substantial part of the
changed mobility patterns due to containment measures.
To include changes in the total amount of mobility in
the model, we assume that a reduction in mobility re-
duces the rate with which contacts between infecteds and
susceptibles cause infections. We implement this in two
variants, to capture different methodological approaches:
In the “distancing” scenario, mobility reduction leads to
a proportional reduction in the average number of con-
tacts. The “isolation” scenario instead implies that the
equivalent percentage of the population isolates at home
while the remaining individuals do not change their be-
havior (see Fig. 5A for an illustration, and Materials and
Methods and SI for details on the SIR model). Note that
while many other non-pharmaceutical interventions may
mitigate the spread of an infectious disease, we purely
aim to discuss the effect of reduced and restructured mo-
7bility here.
B. Mobility reduction flattens the curve
An analysis of the SIR model indicates that lockdown
measures have a distinct impact on epidemic spreading,
see Fig. 5. Most prominently, a reduction of mobility
reduces the overall incidence of the epidemic and delays
its spread, shifting the peak to later times: The lock-
down measures “flatten the curve” of the epidemic. This
applies to both lockdown scenarios implemented here,
where the stricter “isolation” scenario shows a lower over-
all incidence.
In addition, lockdown measures increase the epidemic
threshold R∗0 of the disease, that is the minimal force of
infection required to infect a substantial amount of the
population. We compare the simulations to results of
the canonical well-mixed model (see Materials and Meth-
ods). In the metapopulation model, the epidemic thresh-
old is shifted to slightly higher levels compared to the
well-mixed approximation, a known effect caused by the
heterogeneity of the system [31].
C. SIR model replicates geographic dependence of
arrival times
An important observation is that the spread of the
epidemic shows a similar functional dependence on ge-
ographic distances as the the shortest paths. This im-
plies that the observed structural changes have consider-
able practical implications. To clarify this point we mea-
sured the arrival times of the epidemic in counties, see
Fig. 5D. During lockdown, the epidemic takes longer to
spread spatially, which is caused by the reduced contact
numbers due to reduced mobility. More importantly, a
stronger and continued increase of the arrival time with
geographic distance from the outbreak origin during lock-
down is observed: The farther away a county is from the
outbreak origin, the longer it will take for the county
to be affected by the epidemic. In contrast, with pre-
lockdown mobility, the arrival times exhibit only a slow
increase with geographic distance.
The dependence of arrival times on geographic distance
in Fig. 5D matches the corresponding relationships for
the shortest path lengths depicted in Fig. 4B. Therefore,
structural changes—i.e. a reduced connectivity across
long distances—have direct consequences for the dynam-
ics of an epidemic, mitigating the spatial spatial spread
over long distances.
V. DISCUSSION
In this study, we report and analyze various lockdown
induced changes in mobility in Germany during the ini-
tial phase of the COVID-19 pandemic. We found a con-
siderable reduction of mobility during the pandemic, sim-
ilar to what was previously reported for other countries
that passed and implemented comparable policies [9–12].
The reduction in mobility can be divided into a swift de-
crease, early in the lockdown phase, followed by a slow
recovery. The initial rebound occured in late March al-
though official policies remained unchanged. This could
be indicative of individuals taking up non-essential trips
again in spite of lockdown policies. We think that further
research is necessary to illuminate what part of the mo-
bility reduction was a direct consequence of policies, and
which part was caused by voluntary behavioral changes
within these official regulations.
We found evidence for profound structural changes
in the mobility network. These changes are primarily
caused by a reduction of long-distance mobility, result-
ing in a more clustered and local network, and hence
a more lattice-like system. Most importantly, we found
that path lengths continually increase with geographic
distance, which is a qualitative change compared to pre-
lockdown mobility. These changes indicate a reduction
of the small-world characteristic of the network.
The practical consequences of our findings are high-
lighted in the epidemic simulations analysis. We found
that reduced global mobility during lockdown likely
slowed down the spatial spread of the disease. Regard-
ing structural changes, we found that the arrival times in
counties increase continuously with the distance to the
outbreak origin during lockdown, matching results of the
topological analyses of the shortest path lengths. This
result emphasizes our argument that the changes in the
mobility network shown in this study have direct and
non-trivial consequences on dynamic processes such as
epidemic spreading.
In conclusion, we hope that future research will fur-
ther illuminate the complex effects of restrictive policies
on human mobility. Deeper and more complex aspects
of mobility changes may occur during lockdowns, rang-
ing from topological properties of the mobility network
to its relation to sociodemographic and epidemiological
conditions of the affected regions. We hope that a clearer
understanding of complex effects of mobility-restricting
policies will enable policy-makers to use these tools more
effectively and purposefully, and thus help to mitigate
the ongoing COVID-19 pandemic and to better prepare
us for future epidemics.
VI. MATERIALS AND METHODS
A. Daily mobility change
To investigate national mobility trends, we focus on
the total number of trips N(t) =
∑m
i,j=1 Fji(t) on the
date t. In order to judge whether mobility has changed
during the pandemic, we compare the mobility during
the pandemic T to a baseline period with “normal” mo-
bility T0. Different comparison time frames T0 can be
8chosen and no clear, optimal choice that exhaustively ac-
counts for seasonal effects, holidays, and general changes
in mobility patterns exists. Here, we use March 2019 as
a comparison, which we assume to be structurally clos-
est to the period of March 2020 where most interventions
took place.
For a given date t within the time frame of the pan-
demic T , we calculate the mobility change ∆n(t) by com-
paring the number of trips N(t) to the expected number
of trips N0(t) during the baseline mobility period T0 as
∆n(t) =
(
N(t)
N0(t)
)
− 1.
Because mobility differs strongly depending on the week-
day, we calculate the expected number of trips N0(t) as
the average number of trips on all those dates Dτ in the
base period T0 that have the same weekday τ as the date
t,
N0(t) = |Dτ |−1
∑
t′∈Dτ
N(t′).
In order to analyze the mobility change for a single
county, ∆n(i)(t), we use the same procedure but only
count the number of trips that originate in the county i,
i.e. N (i)(t) =
∑m
j=1 Fji(t)
B. Mobility change for distances
When we calculate the distance-dependent mobility
change ∆nD(t), we proceed similarly to the previous sec-
tion, but we only consider trips whose distance falls into
a certain distance range D = {d : dmin < d ≤ dmax}. As
a proxy for the distance of flows Fji(t), we use the geo-
graphical distance dji between the centroids of counties
i and j. The number of trips in the distance range D is
ND(t) =
∑
(i,j)∈ΦD
Fji(t).
where ΦD is the set of all pairs of counties (i, j) whose
distance falls into the range D,
ΦD = {(i, j) : dji ∈ D} .
Using ND(t), we calculate ∆nD(t) as outlined in the pre-
vious section.
C. Calculation of weekly mobility networks
We create weekly mobility networks GT from trips
measured during calendar week T . Let DT denote the
set of days in calendar week T . The edge weights wji(T )
are then calculated as the average daily number of trips
between counties during this week,
wji(T ) = |DT |−1
∑
t′∈DT
Fji(t
′).
We omit edges whose average weight is below the thresh-
old wji(T ) < 5 to ensure consistency and comparability
with the daily data.
D. Rescaled networks
To investigate how the global reduction of mobil-
ity affects our observations in comparison to structural
changes, we construct rescaled networks G∗10(T ) by scal-
ing the weights of the pre-lockdown network of calendar
week 10 by the flow lost during week T , i.e. we set
w∗ji(T ) = wji(T )×
∑m
i,j=1 wji(T )∑m
i,j=1 wji(T = 10)
.
Subsequently, we apply the same thresholding procedure
as was done in the original data to the resulting net-
work and discard all links with w∗ij(T ) < 5. We therefore
obtain a network that is structurally similar to the pre-
lockdown system of calendar week 10 but has the same
total amount of trips as the corresponding system of cal-
endar week T , which allows us to isolate the effects that
come purely from a uniform, global mobility reduction
and subsequent thresholding.
E. Path lengths and clustering coefficient
To measure path lengths in the network, we consider
two counties to be “close” to each other when they are
connected by a large flow value and define the distance of
each link as the inverse weight along the edge `ji = 1/wji.
Using this distance metric we calculate the shortest path
length Lji between each pair of source node i and tar-
get node j using Dijkstra’s algorithm [35]. We calcu-
late the weekly average path length L(T ) = (m(m −
1))−1
∑m
i,j=1 Lji(T ) and the average weighted and di-
rected clustering coefficient C(T ) = m−1
∑m
i=1 Ci(T )
over all nodes for the weekly networks GT (as defined in
[36]). Because the above definition of distance is sensitive
to changes in the total flow of the network, we discuss a
variety of other distance scales in the SI, yielding similar
results. Additionally, we show that increasing the ob-
servation threshold wc does not substantially change the
results, indicating that the original threshold of the data
was chosen small enough to not have an impact on our
conclusions.
F. SIR metapopulation model
We use a modified version of the model in [34]. Full
details on the model are given in the SI.
As stated in the main text, we incorporate two differ-
ent variations of lockdown mechanisms into the model,
to account for different interpretations of the influence
9of mobility reduction on the average number of con-
tacts. In the “distancing” scenario, we assume that a
mobility reduction by a factor κ leads to a linear re-
duction in the transmission rate β throughout the epi-
demic, i.e. β
′
= κ × β0. The assumption here is that
the reduced mobility directly translates into reduced con-
tacts between individuals. In the other, stricter scenario
“isolation”, we instead assume that the reduced mobility
means that individuals stop their commuting, and effec-
tively are removed from the system. We implement this
by assuming that initially, a fraction 1−κ is removed from
the transmission process such that S′(t = 0) = κS(t = 0)
and R′(t = 0) = (1− κ)S(t = 0). Both scenarios lead to
reduction of the basic reproduction number that is pro-
portional to a reduction of mobility. In the SI, we argue
that such a linear relationship corresponds to an upper
bound of transmissibility reduction induced by mobility
reduction.
Recent meta-reviews estimate the basic reproduction
number R0 for COVID-19 in the range of 2-3 and the
incubation period as 4-8 days [37, 38]. Accordingly, we
use R0 = 3 and a recovery rate of µ = 1/(8d), close to
values previously used for the analysis of the disease’s
spread in Germany [15].
G. Data availability
The mobile phone dataset was made available to the
authors without permission of sharing the data with third
parties, and thus cannot be shared within this publica-
tion. All other datasets used are publicly available: The
ACAPS dataset on government policies, population data
and county-level geodata for Germany. Their sources are
listed in the SI.
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Appendix A: Datasets
1. Mobility dataset
The mobility dataset we study here is gathered from
mobile phone logs from Telefo´nica, a mobile phone
provider with around 43.6 million customers in Germany
in 2019 [25]. The data contains mobility flows in Ger-
many, namely the number of trips across and within
counties on a given date. We use data recorded in the
period of January 1 2020 up to June 10 2020, as well
as data from March 2019, which we use as a compari-
son baseline for mobility changes during the COVID-19
pandemic.
Trips are recorded from cell tower logs in the following
way: A trip is started whenever a device leaves its current
cell tower area A. The device might then pass through
one or multiple other cell towers, until it becomes sta-
tionary again in cell tower area B. ”Stationary” means
that no further movement is recorded for approximately
15 minutes. The start- and end-towers A and B can be
the same, such that self-loops are also recorded.
All movements are then spatially aggregated on the
level of the 401 counties in Germany (corresponding to
NUTS 3), and temporally aggregated daily. The end
result is the mobility matrix ((Fij)(t), which contains
the number of movements between all pairs of counties
on that given day.
There is a thresholding applied to the data in the pre-
processing: Flows Fij with less than 5 trips on a given
day are not included in the data, due to data privacy
reasons. This has some effects on the data, which we
discuss in the main text.
Furthermore, we have excluded dates with federal hol-
idays in the period of observation from the data. We
do this because federal holidays show a clearly abnormal
mobility, which is generally very low when compared to
the same average weekday from the baseline. In fact,
the comparison to an average weekday does not reflect
whether the mobility is actually higher or lower ”than
usual” on this holiday. In consequence, we omitted holi-
days to avoid a distortion of the data.
Finally, we have excluded the small county of Branden-
burg an der Havel from the spatial maps in Fig. 1 and
depict it in neutral white on the map. We have identified
it as an outlier in the data with abnormally high mobil-
ity, which could for example be caused by changes in data
collection by the mobile phone provider in that area. In
the maps, it is very visible and distorts the perception of
the image, focusing the attention on what we consider to
be a statistical anomaly, which is why excluded it in the
maps.
2. Data on policy measures and interventions
For structured information about non-pharmaceutical
interventions, we use data aggregated by ACAPS [6],
which can be downloaded at: https://www.acaps.org/
covid19-government-measures-dataset. The dataset
contains worldwide governmental policies that are issued
in response to the COVID-19 epidemic, including poli-
cies affecting mobility for Germany. To collect only rele-
vant policies that likely affect mobility, we analyzed the
listed policies qualitatively and filtered for measures from
these categories: limitations of public gatherings, bor-
der checks, border closures, school closures, partial lock-
downs, and public services closures. For each measure it
is listed whether it is an introduction of new measure or
the phase-out of an existing measure.
3. Population data
Census population data for Germany on a county level
(as used in the SIR model) was downloaded from https:
//www.destatis.de/DE/Themen/Laender-Regionen/R
egionales/Gemeindeverzeichnis/Administrativ/04
-kreise.html.
4. Geo-information
County-level shapefiles for Germany, used to create
graphics containing maps and to calculate distances be-
tween the centroids of counties as a proxy for trip dis-
tances, were downloaded at https://ec.europa.eu/e
urostat/de/web/gisco/geodata/reference-data/ad
ministrative-units-statistical-units/nuts.
Appendix B: Small-world observables
1. Clustering
We use a definition of local clustering for weighted and
directed networks as given by Eq. (10) of [36]. For undi-
rected binary networks of size m, the local clustering co-
efficient Ci of a node i is defined as the probability that
two neighbors of a focal node are connected to each other,
as well. For undirected weighted networks, this concept
is extended to include triangle intensity
Iijk = (wˆijwˆjkwˆki)
1/3
where wˆij = wij/maxk`{wk`} is the weight of edge (j, i)
normalized by the maximum weight of the network. This
implies that every existing triangle is compared to the
maximally possible triangle intensity for which each con-
tributing edge weight is equal to the maximum edge
weight, in which case Iijk = 1. The weighted local
clustering coefficient is therefore proportional to the un-
weighted local clustering coefficient, modulated by the
focal node’s average triangle intensity as
Cweightedi = IiCi,
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see ref. [39]. For directed networks, the number of trian-
gles that can possibly exist for a triplet of nodes increases:
Every triplet of nodes has a maximum possible number of
eight triangles that can be formed (two options per node
pair). Yet, considering a focal node i, only those edges
that point to i from other nodes or point from i to other
nodes can possibly form triangles. The weighted cluster-
ing coefficient therefore measures the existence probabil-
ity and average intensity of triangles that can be spanned
given a focal node’s in- and outgoing connections.
2. Shortest path lengths and other measures of
temporal distance
In unweighted networks, the shortest path length Lji
quantifies the minimum number of steps necessary to tra-
verse from node i to node j along the edges of the network
[23]. While this quantity is often viewed as a metric of
spatial distance, it can also be interpreted as a metric of
temporal distance, namely the minimal duration it takes
a walker to traverse from node i to node j along the edges
of the network.
In weighted networks, it is not straight-forward to de-
fine a distance between two nodes based on the weight
wji between them. Usually, as larger weights are associ-
ated with smaller distances, researchers choose a distance
definition of `ji = 1/wji (see e.g. [40, 41]). In our case,
the edge weight wji represents a flow by counting the
number of people on a date that traverse from i to j.
It can therefore be interpreted as an activation rate for
traversal from i to j. Further following this picture, the
distance `ji = 1/wji represents the average waiting time
for a i → j traversal event to occur. Assuming maxi-
mally random traversal processes, the average shortest
path length
L ≡ [m(m− 1)]−1
∑
i 6=j
Lji,
therefore represents the average minimal mean first pas-
sage time between any nodes i and j in an edge-centered
random walk on a network with of m nodes [42]. We
can illustrate this point by additionally investigating how
other network-wide time-scales of networks with weights
wji change. The propagator of an edge-centered random
walk is given by the unnormalized graph Laplacian
Lji = δji
∑
k
wki − wji.
The eigenvalues of this operator are real and non-negative
with an ordering of 0 = λ1 < λ2 ≤ ... ≤ λN for a net-
work consisting of a single component. The so-called
relaxation time trlx = 1/λ2 quantifies the time scale with
which an edge-centered random walk approaches its uni-
form equilibrium distribution [42]. Note that both the
average shortest path length L as well as the relaxation
time trlx are sensitive to changes in the global flow.
In contrast, we can also investigate time scales of
discrete-time node-centered random walks, where the
propagator is given by the transition matrix pji =
wji/
∑
k wki. Note that for this process, time represents
the number of traversals (i.e. steps) between nodes. The
operator pji is a stochastic matrix with largest eigenval-
ues pim = 1 and second-largest eigenvalue pim−1. The
so-called mixing time tmix = 1/(1− pim−1) quantifies the
time-scale with which a node-centered random walk pro-
cess approaches its non-uniform equilibrium [43]. Since
entries of this matrix represent transition probabilities
and are therefore normalized by a node’s total outflow,
the mixing time is not as sensitive to changes in the global
flow as the relaxation time.
3. Additional small-world analyses
We want to investigate how the temporal observables
discussed above (i) behave for the mobility networks av-
eraged over calendar weeks and (ii) behave for networks
G∗10(T ) that are topologically equal to the network G10
of calendar week T0 = 10, but where edge weights have
been rescaled to sum to the total average flow observed
in the corresponding week T (see the main manuscript,
where this procedure was used to create the rescaled
network G∗10(T = 13) for calendar week 13). The first
exercise should show to what extent the shortest path
length scales similarly to other network-wide spreading
time scales in order to justify our choice of distance met-
ric `ji = 1/wji. Regarding the second point, we are in-
terested in how much the reduction of the system’s small-
world property can be explained by a global reduction of
trips.
We present our results in Fig. 6. As expected, the re-
laxation time trlx behaves similarly to the average short-
est path length (compare Fig. 6A). Furthermore, the
mixing time tmix shows a relative increase of similar or-
der during lockdown and subsequent transition to nor-
mal flow numbers, albeit of qualitatively different shape
(compare Fig. 6A). As stated before, the mixing time is
less sensitive to global flow modulations which indicates
that the observed effect is indeed of topological nature.
Investigating the observables on rescaled networks, we
find that part of their increase during lockdown can be
explained due to a global reduction in flow, but topologi-
cal contributions cannot be neglected (compare Fig. 6B).
Regarding the mixing time, almost all of its relative in-
crease is explained by topological changes, as expected.
In order to investigate how strong our results are in-
fluenced by the thresholding procedure, we repeat the
analyses for all networks after applying a higher thresh-
old of wc = 100 (see Fig. 6C and Fig. 6D). We find that
all relative observables but the mixing time remain vir-
tually unchanged by an increased threshold, indicating
that these results are rather stable. We do find a small
increase for the mixing time, indicating that a small rel-
ative increase in this observable during lockdown might
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FIG. 6. Reduction of the small-world effect over time as illustrated by different global network observables. (A) The average
clustering coefficient C, the average shortest path length L, the edge-centric random walk relaxation time trlx, and the node-
centric random walk mixing time tmix all increase during lockdown. (B) Here, we show the same network observables for
networks G∗10(T ) that are topologically equal to the reference network G10 of calendar week T0 = 10 but where edge weights
have been rescaled to sum to the total average flow observed in the corresponding calendar week T (see Materials and Methods).
We find that the relative increase of all network observables during lockdown cannot only be explained by a decreased total flow.
In particular, the relative increase of the mixing time is heavily influenced by topological changes. (C) Network observables for
networks that have been thresholded with wc = 100. (D) Observables for rescaled networks that have been thresholded with
wc = 100.
emerge due to thresholding effects.
Appendix C: Details on the SIR Model
We implement a metapopulation SIR-model [32, 33]
with commuter dynamics based on the model from [34].
Our system is divided into m counties with population
Ni, which we set to census population. Each counties’
population is split into the compartments susceptibles,
infecteds, and recovereds, such that N
(pop)
i = Si+Ii+Ri.
1. Commuter mobility
We assume that each individual has a home and a work
location they commute to (which can also be the same
county). The commuting patterns are measured by the
mobility flow matrix Fji. To compute the number of
commuters for each pair of counties, we first construct
the commute probability matrix pji by normalizing the
outgoing flows for each source district i,
pji =
Fji∑
j Fji
,
such that ∑
j
pji = 1.
Further, we define
N
(pop)
ji = pjiN
(pop)
i
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as a sub-population of location i that lives in i and com-
mutes to j for work, such that N
(pop)
i =
∑
j N
(pop)
ji at all
times.
2. Infection dynamics
We seed an initial infection by setting all individuals
to be susceptible Sji = N
(pop)
ji , except for an infection
origin county i∗ (chosen uniform at random from the set
of all locations), in which we distributed I(t = 0) =
100 infecteds among the compartments Iji∗ proportional
to their relative sizes N
(pop)
ji∗ /N
(pop)
i∗ (such that Sji∗(t =
0) = N
(pop)
ji∗ − Iji∗).
There are two ways in which a susceptible of compart-
ment Sji can get infected:
1. while being at home in compartment i, induced by
all the infecteds present in i (this includes com-
muters of locations k to location i), and
2. while commuting at compartment j, by all the in-
fecteds present in j (this includes commuters of lo-
cations k to location j).
We assume that people spend half the time at home and
half the time commuting. The dynamics for the com-
partment Sji are consequently given as
dSji
dt
=−Sji
(
λhomei + λ
work
j
)
=−Sji
(
β
2
∑m
k Iki∑m
k N
(pop)
ki
+
β
2
∑m
k Ijk∑m
k N
(pop)
jk
)
,(C1)
where the first term λhomei represents the force of infec-
tion while at home (where transmission can occur from
all the infected at home in i), the second term λworkj is the
force of infection while commuting (where transmission
can occur from all the infected commuting to j). The
dynamics for Iji follow analogously with an additional
recovery term, i.e.
dIji
dt
= −µIji + Sji
(
λhomei + λ
work
j
)
. (C2)
Since the population size is constant, the third equation
follows as dRji/dt = µIji.
3. Stochastic simulation
We use a stochastic binomial sampling algorithm to
perform numerical simulations of the model. Given the
above equations, the probability that an individual in
compartment Sji becomes infected in the time interval
[t, t+ ∆t] due to the total force of transmission λji =
λhomei + λ
work
j is
P (∆t;λji) = 1− e−λji∆t.
For this to be valid we have to choose ∆t small enough
such that the time-dependent λij can be assumed as con-
stant during ∆t.
Then, the number of individuals in compartment Sji
that become infected during [t, t+ ∆t] is drawn from a
binomial distribution with the probability P (∆t;λji),
∆ (Sji → Iji) ∼ Binom(Sji(t), P (∆t;λji)).
Similarly, the amount of infected in Iji that recover
during this time is given by
∆ (Iji → Rji) ∼ Binom(Iji(t), P (∆t;µ)).
4. Extension to include changes in mobility
The base model does not account for changes in mobil-
ity patterns as observed in reality, namely that the total
number of trips decreases significantly (note that only
relative changes in the flow are considered due to the use
of the commute probability matrix instead of the flow
matrix). It is important to consider the trip reduction
κ = N(TL)/N(T0) in the model because one can expect
that a reduction in trips directly influences the average
number of close-proximity contacts k, which in turn af-
fects the basic reproduction number
R0 = β˜k/µ,
where µ is the recovery rate per infected and β˜ is the
infection rate per contact between a single infected and
a single susceptible (note that in our description above,
β = β˜k).
However, finding the precise relation between the trip
reduction κ and the number of close-proximity contacts
k is an open problem. In section D, we provide argu-
ments that a relative change in the total number of trips
κ results in at least a corresponding linear decrease in
the basic reproduction number and at most a quadratic
decrease. In the following, we decide to implement lock-
down scenarios with linear scaling, that can therefore be
seen as upper bounds or “pessimistic” interpretations of
the influence that mobility reduction has on mitigation.
We model a decrease of the total number of trips as
two distinct scenarios, both of which are based on the
assumption that each individual of a population of size
N
(pop)
ji contributes a constant average number of trips to
the total trip count, such that Fji = N
(pop)
ji fji.
In the first scenario (“isolation”) we assume that a
fraction κji = Fji(TL)/Fji(T0) of the respective popu-
lation of size Nji isolates entirely, i.e. the total number
of trips is determined only from individuals who do not
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isolate Fji(TL) = [κjiN
(pop)
ji (TL)]fji. In contrast, a frac-
tion 1 − κji of N (pop)ji contributes individual trip counts
of fji = 0 in this picture. As these individuals are consid-
ered to be in isolation, they are effectively removed from
the transmission process, which we model by assigning
them to the R compartment initially using the adjusted
initial conditions of
S′ji(t = 0) = κji × Sji(t = 0)
I ′ji(t = 0) = Iji(t = 0)
R′ji(t = 0) = (1− κji)× Sji(t = 0).
Note that from Eq. (C1) it follows that the initial spread-
ing rate (the initial effective reproduction number, re-
spectively) therefore scales linearly with κji.
In the second scenario (“distancing”), we assume in-
stead that a reduction in mobility translates into a homo-
geneous reduction of the individual trip count fji (such
that Fji(TL) = N
(pop)
ji (TL)[κfji]). If we further assume
that an individual has, on average, cji close-proximity
contacts per trip and zero contacts if they do not move,
the average close-proximity contact number per individ-
ual scales as kji ∝ cjifji. A reduction in the individual
trip count directly translates into a proportional reduc-
tion in contacts. Note that this is a conservative as-
sumption, though—realistically, the number cji of close-
proximity contacts per trip would not remain constant:
When fji decreases, we expect cji to decrease, too, be-
cause the density of people that can encounter each other
during a trip is reduced. We therefore consider the linear
relationship to be a “pessimistic” assumption. A more
elaborate argumentation concerning this point is given
in Section D. To conclude, in this “distancing” scenario,
we replace β with β × κji in Eqs. (C1) and (C2).
Note that both scenarios yield the same effective re-
production number Reff = R0κji at t = 0. For a well-
mixed system, this implies that I(iso)(t) = κI(dist)(t) and
R(iso)(t → ∞) = κR(dist)(t → ∞), since both have the
same reproduction number but differ in effective popula-
tion size by a factor of κ.
Appendix D: Relationship between mobility change
and average number of contacts
In the following, we provide arguments that the aver-
age number of close-proximity contacts cji (and there-
fore the basic reproduction number) decreases at least
linearly with the total number of observed trips Fji (and
thus with the trip reduction κji), which we use as an
assumption for the “distancing” scenario in Section C 4.
Consider a single population of N (pop) individuals
where N(T ) quantifies the total number of trips recorded
within a period of time of length T (e.g. T = 24 h
for a single day). We are interested in the relative
change of the average number of close-proximity contacts
x = kL/k0 in dependence of the relative change in total
number of recorded trips κ = N(TL)/N(T0) when lock-
down measures are introduced. To this end, we develop
a simple model.
First, we assume that individuals are in either of two
states, active (A) or inactive (X), and that they transition
between being active and being inactive with activity rate
α and inactivity rate ξ. This implies that on average,
an individual stays active for time τa = 1/ξ (remains
inactive for time τx = 1/α, respectively) and that in
equilibrium, the expected number of active individuals is
given as
A∗ =
α
α+ ξ
N (pop).
We further assume that individuals can only be in contact
with each other if they are active. Inactive individuals
are considered to always be isolated.
Assuming that only contacts between active individ-
uals exist and that the process is in equilibrium, the
average total number of contacts in the system can be
approximated as
m =
p
2
A∗(A∗ − 1) ≈ p
2
(A∗)2.
where p is the probability with which each single possible
pair of contacts exists. Given the handshaking theorem
k = 2m/N , we find that the average number of contacts
per person scales as
x =
kL
k0
≈
(
A∗L
A∗0
)2
.
Note that isolation of an individual does not imply inac-
tivity: A person can be in an active state but still have
no contacts (if p is sufficiently small).
Regarding the number of observed trips, we assume
that
N(T ) = N (pop)γTα,
i.e. that it is proportional to the activity rate (with γ be-
ing an unknown proportionality constant), which is mo-
tivated as follows: An individual becomes active when
they move, at which time they may come in contact with
other individuals. When the individual becomes inac-
tive, they likely stopped their movement (they may have
stopped their movement before), which concludes the trip
that is consequently counted as an increase in the num-
ber of trips N(T ). Hence, movements are only recorded
as soon as an individual becomes active and two consec-
utive trips have to be considered as being intersected by
an inactive period. The total number of events at which
an individual becomes active is therefore proportional to
the temporal integral of the activity rate, Tα. From this
assumption we conclude that
κ =
N(TL)
N(T0)
=
αL
α0
.
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Furthermore, we assume that the average time an indi-
vidual is active is independent of the implementation of
lockdown measures, which is motivated by the fact that
necessary trips such as grocery shopping and commuting
to and from the work place do not decrease in duration;
rather, we expect the total number of such trips to de-
crease. This implies that τa = 1/ξ = const. while the
duration of inactivity τx = 1/α can change, i.e. increase
during lockdown. This implies that the change of the
average number of contacts is given as
x =
(
αL
α0
)2(
ξ + α0
ξ + αL
)2
.
Note that A∗ < N (pop)/2 if α < ξ, i.e. if the average
time of being active is lower than the average time of
being inactive, less than half of the population is in an
active state. Mirroring real systems, we can assume that
this inequality holds when averaged over a single day,
because (i) most individuals are isolated at night and (ii)
many individuals are not in contact with other people
for the majority of the day [44, 45]. Thus, we normalize
activity rates by the constant inactivity rate as y0 = α0/ξ
and yL = αL/ξ such that y0, yL ∈ [0, 1] and yL = y0κ.
In total, we find
x = κ2
(
1 + y0
1 + κy0
)2
.
From this relationship, we see that a linear reduction
xu = κ is an upper bound of the true reduction and a
quadratic reduction xl = κ
2 is a lower bound of the true
reduction, i.e.
(
N(TL)
N(T0)
)2
≤ R0,LR0,0 ≤
N(TL)
N(T0)
.
The proofs are straightforward. We begin with as-
sumption
κ ≥ κ2
(
1 + y0
1 + κy0
)2
. (D1)
This inequality is met for κ = 0. For κ > 0, we find
1 ≥ κ
(
1 + y0
1 + κy0
)2
(D2)
1 + 2κy0 + κ
2y20 ≥ κ+ 2κyL + κy20 (D3)
1− κ ≥ κ(1− κ)y20 (D4)
This inequality is met for κ = 1. For κ < 1 we find
1 ≥ κy20 . (D5)
which is met for 0 < κ < 1 and y0 ∈ [0, 1], therefore the
initial assumption holds true, q.e.d.
The inequality
κ2 ≤ κ2
(
1 + y0
1 + κy0
)2
(D6)
is met for κ = 0. For κ > 0 we find
1 + 2κy0 + κ
2y20 ≤ 1 + 2y0 + y20 . (D7)
2κy0 + κ
2y20 ≤ 2y0 + y20 (D8)
This inequality is met if both κy0 ≤ y0 and κ2y20 ≤ y20 .
These are both met for κ ≤ 1 and 0 ≤ y0 ≤ 1, therefore
the assumption holds true, q.e.d.
